Particle-fluid interactions in supersonic flows are relevant in many different applications e.g. the cold gas-dynamic spray process. The optimal application of the process is hindered by a lack of understanding of the particle-fluid interactions. To obtain detailed information on the particle-fluid interactions in these high-speed flows special high performance techniques are required. The present work is an investigation into the applicability of magnified digital in-line holography with ultra-high-speed recording for the study of three-dimensional supersonic particle-laden flows.
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I. Introduction
Particle-fluid interactions in particle-laden supersonic jets are relevant in many different applications such as e.g. rocket motors, particle impactors, 1 needle-free drug delivery devices 2 and cold gas-dynamic spray processes. 3 In the cold gas-dynamic spray process, small particles (1 − 50 µm) in solid state are accelerated to high velocities (300 − 1200 m/s) by a gas jet, and upon impaction against a substrate, form a deposit or coating. The process is thus characterized by a particle-laden supersonic jet. The jet flow is three dimensional unsteady and turbulent with complex shock structures embedded. The cold gas-dynamic spray process has several advantages compared to conventional coating technique, however, the optimal application of this techniques is hindered by a lack of understanding of the supersonic particle-laden jet, such as particle impact velocity and impact angle. Experimental data are needed to aid the understanding of the complex fluid dynamical processes but also to serve as validation material for numerical models. However, no experimental techniques are currently available that can deliver the detailed information needed. The main reason for this is that it is exceedingly difficult to measure the high-speed process due to the large dimensional gap between the very small particles (O(10 −5 ) m), relatively large regions of interest (O(10 −1 ) m) and very large velocities (O(10 3 ) m/s). To illustrate the difficulty, the camera requirements for a particle tracking measurement are estimated by defining two simple criteria. (1) The exposure time must be small enough to effectively freeze the particles during recording and (2) the frame rate must be high enough to ensure a moderate particle displacement between frames. The maximum exposure time and minimum frame rate are evaluated ( Fig. 1 ) for a nozzle exit diameter of D = 2 mm and three different particle diameters d p by requiring that the particle displacement during a single image exposure is limited to d p and that the displacement between frames is D/4. From the figure it is seen that even for a large particle with moderate velocity (d p = 100 µm, u p = 200 m/s), an exposure time of 0.50 µs or less and a frame rate of 400 kHz or above is needed, thus emphasizing the need for high performance equipment and techniques. In table I specifications for a standard camera, a highspeed camera, and an ultra-high-speed camera are presented. It should be noted that the spatial resolution is sacrificed for the increase in temporal resolution. Figure 1 . Example of camera requirements for a particle tracking measurement of a particle-laden supersonic jet The imaging of micron sized particles moving in 3D volumes creates a series of problems. 4 Digital recording media such as CCD chips have a relatively low spatial resolution compared to the particle size.
The low resolution of the recording media can be overcome by applying high magnification. However, for classical imaging techniques this results in a limited field of view and more critically a strongly reduced depth of field. One way to reduce the problem of limited depth of field is to use holographic techniques such as magnified or microscopic digital in-line holography. 4, 5 Although the technique struggles with the resolution of the digital recording media, the approach has successfully been used to locate and track slow moving particles in three dimensional volumes.
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However, when applying magnified in-line holography to a supersonic flow two additional issues arise. The first issue is that the spatial resolution of the ultra-high-speed camera is significantly lower than that of a standard CCD camera, worsening the problem for the holographic method. Secondly, the fluid density ρ f of a supersonic jet varies significantly in space. The fluid density is related to the refractive index n by the Clasusius-Mosotti equation which for a gas reduces to the Gladstone-Dale equation given by n − 1 = Kρ f , where K is the Gladstone-Dale constant. The variation of refractive index through the jet causes the light rays to deflect thereby disturbing the laser beam. A visualization of the density field of the jet, similar to that obtained by shadowgraphy, is therefore overlain on the holograms. Despite this, the magnified digital in-line holographic setup still has great potential compared to traditional techniques when it comes to a flow such as a supersonic particle laden jet. The main advantages being that the depth of field problem is avoided and that the holographic techniques can give the three-dimensional position of the particles. Furthermore, by combining time resolved holographic measurements with 3D particle image velocimetry cross-correlation techniques it is possible to extract the three component particle velocity.
The present work is an investigations into the applicability of magnified digital in-line holographic with ultra-high-speed recording for the study of three dimensional supersonic particle-laden flows. In order to test the technique an axisymmetric particle-laden underexpanded supersonic jet is investigated. The results show that the new technique allows for the acquisition of both qualitative data (visualizations) and quantitative data (in-plane particle tracking 2D-2C, not included in this paper) on the fluid and particle dynamics. Lastly the potential for accurate determination of the depthwise position of objects in three dimensions are investigated using planar test targets. Two targets are used, the fist being a 10 × 10 mm calibration grid and the second is 120 µm particles on a glass plate. In the case with the grid it is found that accurate location is possible, while significant problems are encountered when trying to locate the particles on the glass plate.
II. Experimental Methodology

II.A. Optical setup
A schematic of the optical setup for the magnified digital in-line holography system is presented in Fig. 2 . The illumination consist of a 200 mW continuous wave diode pumped laser (CrystaLaser CL532-200-S) with a wavelength of 532 nm, a beam diameter of 0.36 mm and a coherence length of more than 300 m. A neutral density (ND) filter wheel is mounted after the laser to allow for adjustment of the beam power. The laser beam is then expanded and collimated using three lenses (
. L 1 and L 2 are plano concave lenses with focal lengths of f = −30 mm and f = −50 mm, respectively and L 3 is a double convex lens with a focal length of f = 250 mm. This configuration allows for an adjustable expansion factor and a very compact optical setup. The diameter of the expanded and collimated laser beam is approximately 35 mm.
The imaging system consist of a 85 mm lens (Nikkon Nikkor) mounted to the camera using bellows. To increase the magnification further a 1:2 teleconverter is inserted between the bellows and the camera. The camera is an ultra-high-speed 10-bit camera (Shimadzu HPV-1) capable of recording 102 consecutive images with a frame rate of up to 1.0 MHz. The camera chip has a resolution of 312 px × 260 px and a pixel pitch of 66.3 µm. The main features of the lens-bellows assembly are that it gives an adjustable magnification and secondly it results in a focal plane located approximately 100 mm in front of the lens (L 4 ). The fact that the focal plane is located a significant distance from the camera is an advantage as it ensures that the flow remains undisturbed whilst at the same time minimizes the risk of getting particles on the lens. The exact magnification factor of the system is determined by recording an image of a 10 mm × 10 mm calibration grid. For the presented data the magnification is 3.90 which corresponds to a resolution of 17.0 µm/pixel and a field of view of 2.65D × 2.21D, where D = 2.0 mm is the nozzle exit diameter (c.f. section II.B). The camera is mounted such that the long side of the field of view is oriented in the streamwise direction.
The imaging system (lens, bellows and camera) is mounted on an optical rail allowing it to be traversed along the optical axis making it possible to change the position of the focal plane. The imaging system can be used in two different modes of operation depending on the position of the focal plane. In the first mode, referred to as shadow imaging, the focal plane is located directly on the nozzle axis (z f p = 0). In this mode the imaging system has a very low sensitivity to variations in the density field making it possible to visualize the particles without additional disturbances. The particles are clearly visualized by their shadow, allowing their size and shape to be estimated. Visualizations obtained using this mode is well suited for two dimensional particle tracking algorithms. Compared to traditional imaging techniques, the effective depth of field of shadow imaging is significantly increased. In the second mode, referred to as holographic mode, the focal plane is located behind the jet axis (z f p < 0). In this configuration the system will record the hologram of the suspended particles with the visualization of the density field overlain. These recordings are well suited for qualitative visualizations of the interactions of the particles and the flow. Examples of images recorded using the two different modes of recording are presented in Fig. 3 .
II.B. Flow rig
For the present work a flow rig has been developed that allows for controlled injection of particles into a convergent nozzle (Fig. 4) . The nozzle exit diameter is D = 2 mm with a nozzle area ratio of 400. The jet flow is characterized using the nozzle pressure ratio NPR = P 0 /P ∞ , where P 0 is the static pressure in the settling chamber, and P ∞ is the ambient pressure. Compressed air is supplied to the nozzle through two separate supply lines. The main line, responsible for supplying the majority of the jets mass flow, consist of a pressure regulator and a manifold. The secondary line consists of a second pressure regulator and an entrainment chamber where the particles are suspended in the flow before being carried to the nozzle. Additional details on the powders are given in Table 2 . Table 2 . Volume weighted mean diameter dp, 10%-and 90%-percentiles of the particle size distribution and particle density ρp 
III. Visualization of particle-flow interactions
Qualitative information on the particle-fluid interaction in the supersonic particle-laden jet can be obtained from visualizations recorded using the holographic mode. For this purpose the focal plane of the system is located behind the nozzle axis (z f p = −7.5 mm), in order to be sensitive to the variation in the density field of the fluid. Figure 5 and 6 shows examples of visualizations recorded using the d p = 120 µm particles at two different NPRs. The contrast of the images has been adjusted in order to enhance the variation in the density field. It should be noted that the contrast adjustment makes the particle diffraction patterns appear as solid black particles. The actual particles are therefore smaller and in general more irregularly shaped then the presented diffraction patterns.
A sequence of 24 consecutive images of the particle-laden jet at NPR = 5.0 recorded at 0.5 MHz are shown in Fig. 5 . The first frame of the series shows a relatively large particle located just upstream the Mach disc (a). It is observed that a bow shock is attached to the particle, indicating that the relative velocity, or slip velocity, between the particle and fluid is above Mach 1. The bow shock disappears as soon as the particle has moved through the Mach disk as the fluid velocity is significant decreased over the Mach disk. For positions downstream the Mach disk the fluid rapidly accelerates again while the large inertia makes the particle lag behind resulting in the reappearance of the bow shock. In the first frame it is also seen that the particle has a significant downstream influence as a secondary shock appears behind the Mach disk (b). In the following frames it can be observed how the secondary shock moves downstream together with the particle and then disappears just as the particle has moved through the Mach disk. It is further observed that when the particle is in the immediate vicinity of the Mach disk (c), it significantly alters the shape of the shock structure (both Mach disk and oblique shock). The Mach disk and oblique shock return to their unperturbed shaped quickly after the particle has moved through the Mach disk. In the middle of the sequence a smaller particle exits the left side of the nozzle near the jet boundary (d). In the following frames it observed how the particle significantly interacts with the incidence, or barrel shock. The interaction results in the occurrence of two new shocks that are almost parallel, one attached to the upstream side of the particle and one located downstream the particle (e). In the last row of the sequence it is observed that two relatively large particles exits the nozzle close to each other. As the particles move away from the nozzle, the particle bow shocks are formed. It is noted that the bow shock from the upstream particle coincides with the location of the downstream particle (f). The behavior of the downstream particle is therefore expected to be affected by the presence of the upstream particle.
In a second example (Fig. 6 ) a single particle is shown passing through the Mach disk of a jet with NPR = 6.5. The sequence consist of 16 consecutive images recorded at a frame rate of 1.0 MHz. In the first frame the particle is located a distance upstream the Mach disk and a weak bow shock can be identified (a). In frame 6 the particle has moved closer to the Mach disk and a new shock structure has appeared (b). The structure is visualized by two oblique lines going from the downstream side of the particle to the Mach disk. In the following frame the two lines have evolved into a shock curving around the particle. In frame 8 the curved shock has fully connected to the oblique shock and forms one coherent structure. The Mach disk does however still exist and it appears that the curved shock and the Mach disk are of similar strength. In the remaining frames it is observed how the particle passes through the Mach disk, while the curved shock and the Mach disk merges.
IV. Holographic Reconstruction and Depth location
In digital in-line holography, the interference pattern between the coherent reference beam and light diffracted by an object is recorded on the digital recording media. The recorded interference pattern contains information on both phase and amplitude of the recorded wave front, and it is thus possible to numerically Figure 5 . Visualization of particle-shockwave interaction recorded at 0.5 MHz for a jet with NPR = 5.0 and dp = 120 µm particles Figure 6 . Visualization of particle-shockwave interaction recorded at 1.0 MHz for a jet with NPR = 6.5 and a dp = 120 µm particle reconstruct the optical field at a given depth position from the recorded hologram. 7 In order to determine the depthwise position of an object, a focus function must be applied to quantify the sharpness of the reconstructed images. 5, 8 In the case of non-planar objects, such as particles in a jet, an in-plane (x, y) interrogation area (IA) must be created for each particle. The focus function is then applied to each IA, and the depthwise position of the object is determined from the minimum or maximum value of the focus function.
In the present work five different focus functions have been tested, in order to evaluate which is the best suited for the current conditions. In the following the reconstructed intensity field of an IA is denoted I(x, y; z), were z is the depthwise coordinate of the reconstructed plane. The five focus functions used here are defined as follows SUM(z) = x,y I(x, y; z) , for all I(x, y; z) > I 0
(1)
, for all I(x, y; z) > I 0 (2)
where I 0 is a given threshold intensity and I (z) is the mean intensity of the IA. In words, the SUM function takes the sum of intensities above the threshold value I 0 for each z-position. A similar function was used in the work by Nguyen et al. 4 The STD function calculates the standard deviation of the intensities above the threshold, this function was used in the work by Palero et al. 6 The GRA function calculates the sum of intensity differences and is directly linked to the image contrast. The LAP function calculates the sum of differences of the intensity gradient and attains large values for images with high frequency edges. The VAR function calculates the variance of the intensities of the IA and is thus also closely linked to the image contrast. The GRA, LAP and VAR functions were compared by Choi & Lee 8 for a microscopic digital in-line holography setup. They found that the LAP function resulted in the best estimates of the depthwise position.
In the present setup, the focus functions attains close to constant values with significant noise artifacts when the object is nearly in focus. In order to increase the accuracy of the method a peak fit is made to the focus functions. Both a second order polynomial and a Gaussian function is tested for the peak fitting procedure.
IV.A. Tests with planar targets
In order to investigate the accuracy of the method for determining the depthwise object positions, tests are carried out using planar targets. For the first test, the 10 × 10 mm calibration grid is used. The calibration grid is mounted on a small micrometer controlled traverse. Using the traverse, the grid is positioned in the focal plane of the imaging system and a series of shadow images are recorded. The grid is then moved away from the camera so that the focal plane is located 10.0 mm behind the grid and a series of holograms are recoded. To simulate the measurement situation, both the image and hologram series are recorded at 0.5 MHz with an exposure time of 0.25 µs. Using the code by Ellenrieder and Soria, 9 the intensity fields are reconstructed in a volume of ±5 mm around the expected grid position in steps of 0.1 mm, resulting in 101 reconstructed planes.
To establish where in the reconstructed space the grid is in focus, a cross-correlation is carried out between the reconstructed images and the recorded shadow image of the grid. The maximum correlation is found to be 0.3 mm in front of the physical grid position. This small discrepancy is well within the positional uncertainty of the physical grid. Figure 7 shows the recorded shadow image of the grid, the corresponding hologram and the reconstructed image at the grid plane. Figure 8 shows five slices through the reconstructed 3D intensity field. The 3D intensity field is centered around grid plane, denoted z ′ = 0. It is observed that the reconstructed images near the grid plane are characterized by sharp and well defined edges and have a low background intensity. 21 IAs of 10 × 10 pixels are then created based on an intensity threshold value. The five focus criteria are applied to the IAs using both the polynomial and Gaussian peak fitting procedure. The depthwise profiles of the focus function values are presented on figure 9 . The profiles show the ensemble average values of the 21 IAs. It is noted that the SUM function has the highest S/N ratio and the GRA functions has the lowest.
On Figure 10 the mean depthwise positions obtained from the different focus functions are presented. From the plot it is observed that the depthwise position of the grid is successfully determined, with a maximum error of 0.2 mm. The SUM and STD functions combined with the polynomial peak fitting, result in the best mean estimate and the smallest amount of scatter between estimates from different IAs.
In the second test case a new planar target is created by placing d p = 120 µm particles on a glass plate. Similarly to the grid test both shadow images and holograms are recorded. The recorded shadow image, hologram and reconstructed image at the target plane is presented on figure 11 . The maximum correlation between the shadow image and the reconstructed images is again found to be very close to the target position, with a discrepancy smaller than the uncertainty of the target-plane position. In contrast to the grid test, the background intensity of the reconstructed images close to the target position is found to be relatively high (see Figure 12) . Furthermore, reconstructed images with low background intensity are observed for planes approximately 2.5 mm behind the target. It is found that determination of the depthwise position of the test target using focus functions, is not possible in the particle case as the depthwise profile of the focus functions does not show a distinct peak as in the grid case(see Figure 13) . It is not fully understood 
V. Summary
Particle-fluid interactions in supersonic flows are relevant in many different applications e.g. the cold gasdynamic spray process. The cold gas-dynamic spray process has several advantages compared to conventional coating techniques, however, the optimal application of the process is hindered by a lack of understanding of the particle-fluid interactions. To obtain detailed information on the particle-fluid interactions in these high-speed flows special high performance techniques are required. The present work is an investigation into the applicability of magnified digital in-line holography with ultra-high-speed recording for the study of three-dimensional supersonic particle-laden flows.
An optical setup for magnified digital in-line holography is created, using an ultra-high-speed camera capable of frame rates of up to 1.0 MHz. To test the new technique an axisymmetric supersonic underexpanded particle-laden jet is investigated. The results show that the new technique allows for the acquisition of both qualitative data (visualizations) and quantitative data (in-plane particle tracking 2D-2C, not included in the paper) on the fluid and particle dynamics. The acquired visualizations show the time resolved interactions of particles and shock structures. It is among other things shown how even single particles can significantly perturb the shock structures of the jet.
In the second half of the paper, the potential for determining the three-dimensional particle positions using holographic reconstruction is investigated. In order to obtained the depthwise object position focus functions quantifying the image sharpness are applied to interrogation areas of the reconstructed images. Five focus functions are tested using two different planar targets. The first target is a 10 × 10 mm calibration grid and the second target is 120 µm particles on a glass plate. In the case with the calibration grid it is found that accurate location of the depthwise position of the target is possible. It is furthermore found that a focus function based on the sum of intensities above a threshold value gives the best results under the present conditions. When applying the same technique to the particle target, significant problems are encountered. It is expected that the problems are related to the relative low spacial resolution of the imaging system.
